A MODEL FOR THE SHAPE OF
THE ERYTHROCYTES IN BIOLOGY

By ALBERTO E. OLIVARES

MODEL OF THE EQUILIBRIUM OF THE MEMBRANE
IN THE SHAPE OF THE ERYTHROCYTES IN MAN AND ANIMALS

0.1. Introduction

In number 110 of this Bulletin was published a study (20) of the
human erythrocyte where a model of a toral surface of circular section was
proposed, which was deducted using a formula of equilibrium of the
membrane. Assuming that in the mammals, birds and reptiles, the shape
of the erythrocyte varies —some have nucleus— it seemed interesting to
try to study the possibility of a general model which could be applied to
the different cases, having a base in the equilibrium of the membrane.
The results of this study are given in the present work, together with the
necessary formulae as model which seems to adapt itself to the different
cases.

In order to facilitate the reading, the study has been divided in five
parts:

1) General idea, examples and uses of Tables.
2) The necessary formulae and the results.

3) The test made to check the equilibrium of the adapted membrane,
and some Tables.

4) Historical summary.

5) Observations.

For figures see pages 157-170 37



PART I
GENERAL EXPOSITION
1.1. General shape adopted (Fig. 1)

It was supposed, as in the first study published, the equilibrium of
2 membrane of rotat'on OCB, submitted to a pressién p from inwards to
outwards, so that the tensions in it in the sense of its perimeter in the
vertical section as in the rotation circles be equal; from a point C up to 0
is supposed a charge working parallel to the axis yy, which equilibrates
the reaction from p transmitted from the membrane; the point C varies in
different cases. From estimate calculation, making use of the measurements
of (11) it was evident that a charge of hyperbolic distribution between 0
and C resulted convenient; it is possible that it is, in fact, a combination of
function y = Ce**, as these appear in nearly all natural phenomenons.

1.2. Formulae for the membrane

According to the theory which was adopted in the work published previ-
ously, the formula which governs for the curve of the membrane, taking as
ccordinates the distance from the normal of the point to the axis YY is

Ar+B
Sendd = ———

2

knowing the values of r y from the angle to two points of the curve, the
coefficient A and B can be calculated.
For the part of the curve between 0 and C, it resulted more convenient

seni = Cr + D

the coefficients of which are calculated beginning from the final point C and
from the point 0 taking the angle there zero or very near zero.

The formulas were transformed to cartesian coordinates. With the aid of
an electronic machine the curves for the erythrocytes were evaluated from
5 to 3 unities (microms) which are given in Table 1.

Example: One draws the erythrocyte of radio 4 for diverse values of
1 (Fig. 1-2) with a curve of hyperbolical transition down to 0. It can be
seen that for 1, = 2,50, r, = 2,00 it is similar to the human erythrocyte.
If one diminishes r; the shape approximates that of birds and reptiles;
it can also be observed that for r; nearing zero the shape resembles an
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ellipsoid of revolution 3 which sometimes appears when the erythrocytes are
subjected to a negative osmotic pression.

Tests: In order to make proofs of the equilibrium of the membrane with
a central uniform charge or of other type, tests were made with the device
which can be seen in the photos 1 and 2. The results are considered to
be in accord with the adopted theory.

1.3. Erythrocytes in other animals

In mammals the erythrocytes as in man have no nucleus and the prevail-
ing shape is similar; the elliptical shape predominates in some of them. In
the other species of animals the etythrocytes are nucleate.

In the following Table is given approximately the principal dimensions
of the erythrocytes and also its number in mm’.

TABLE 1
DIAMETER  NUMBER
TYPE SHAPE NUCLEUS MICRONS i
CIRCULAR
MAMMALS SOME HAVE NONE 48 5.106.8.105
ELLIPTICAL
FISHES ELLIPTICAL HAVE MIN. 7-10
MAX, 1020 5.105-2.106
ANPHIBIANS ELLIPTICAL HAVE  MIN. 1836
MAX. 1965  2.1058.105
REPTILES ELLIPTICAL HAVE, MIN. 57,5
MAX. 1315 5.1051.10¢
BIRDS ELLIPTICAL HAVE MIN. 6-10

MAX. 10-15 3.108-4.106

1.4. Possible experiments in biophysics

From the study which was made, I consider that could be investigated:

1) The characteristic mechanics of the remains of erythrocytes which
are to be found in the blood and in the reticuloendoteical tissue
with the object of comparing them with those of the animal erythro-
cyte. It is to be hoped that the membrane subjected to repeated
variable efforts of tension will weaken with time; this would
explain to a great extent the ruptute in the average life of the
erythrocyte (approximately 120 days).
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2) To determine the central adherence of the membrane: this adherence
will be proportional to the number of erythrocites which pass
to the spherical shape in variable solutions of osmolarity. A way
should be followed similar to the way to obtain the index of
fragility of the erythrocyte, but the solutions will have to be taken
wider apart for those used for this one. The index of central
adherence should be fixed for the case of 50% of changes of the
erythrocytes to the spherical shape. There after could the index be
obtained in diverse anormal states of the blood in order to conclude
whether or not it can have any application in medical analysis.

PART II
THEORY

2.1. Chief membrane of revolution

The theory exposed in (20) is repeated here and more extension is
given to it.

One takes the equilibrium of a surface of revolution submitted to an
uniform pression p from inwards to outwards, so that the tensions in the
clements in the generating curve, in the tangent y and to the circle perpen-
dicular to it with radio r are equals.

That is YY the rotation axis

C  a point of the curve in the plan

CD the normal in the curvature in C

ri1 radio of the curvature

rn = CD

r the radio of rotation

& the angle of the normal and the axis

According to the theory of the membranes of rotation (2) we have

6@ 6r
+ = —Pp (@)

) I

As we selected 690 = 6r = C constant

gives

I I C
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we pass the formula in function of 2.
we have
t

r» =

sen

The radio of the curvature comes to be

dr

r =

dp.cos @
replaced it results

sen @ dg cos ¢
+

r dr
seng.dr + r cosp.dp = K rdr

= K (2)

The first member is d (r seng)
then we can write

d (r senp) = Krdr (2-1)
Integrating it results
Kr? K
I senp = +B con — = A
2 2
Ar? + 2B
senp = ——0— (3)
r

which is the formula which shall be used.

2.2. Part between A and C

It will be studied with different types of charge between A and O, in
order to see which is the most acceptable.

2.3. General formulae

1) p
That is ¢ = F(r) (fig. 2-2)
The area of the q between 0 and C will be

12
Q = f f(r) dr (4)
0
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The center of gravity of the area comes to be

I2
f f(r) rdr
0

d =

Iz
f f(r)de
0

This total charge p in the rotational surface of 0 to C is from the

theorem of Papus.
I2 I
f f(r)frdr (r) dr
0 0

12
f f(r)dr
0

I2
= 2l f f(r)rde (5)
0

P =21Qd = 211

2.4. Tensions in C

Comes to be from

P
6p = 6r =
2rr sen @
and of (5)
12
f f(r) rdr
0
6o = — (6)
r seng

2.5. Normal Component of g

In an area of area 1 of membrane OC see (fig. 2-3)
it produces, as vertical component y cosg
as a normal component y cos’p = f(r) cos’p with g = f(r)
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In accordance with the formula (2), transformed to (2-A), it must

have
d(r seneg) c(f(r) sen®o
= (7)
rdr M
and of (6)
d (r seng M f(r) cos’p 1
= X — (7A)
rdr r C
f(r) rdr
0
r sen @
and of (7)
M = Constant
M cos%p
" —-K
C
d (r seno) Kf(r) . rdr
= (7-A)
r sene r?
f f(r) dr
0
The numerator of the 2nd member is the derivative of the denominator
integrated
(‘rz
L rseng = LK f(r)rdr
J o
&
rsenp = KJ f(r)rdr + A (8)
0

which will be the formula used

EXAMPLE:
a) Uniform charge (fig. 2-4)
f(r) = ¢
r
r oseng = Kfqrdr—{—A
0
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Mr 4+ A
senp = —————
r

K
R Y
2

Taking seng = 0 at 0 senp = Mr

Trapezoidal charge (fig. 2-5)

Applying
f(r) = u R o qi
I

f(r) = Kr + q
rseno = Kf(Kr + q1)
C+Drf 4+ A

seng =

by

senp = Cr + Dr?

Experimental change

f(r) = AePr
rseng = A feBrrdr = —e®r— — fePrdr
B B

A

rsenp = — re®— —e” + D
B B?

A

_— = M

B

A

— — N

BZ
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d)

senp = e

seng = e (M 4+ —)

Parabolic change
f(r) = A + B

rsenp = f(Ar* 4+ B) rdr

Art Br?
rsenp = + + E
4 2
Mr' 4+ Nt? + E
seng =
r

Hyperbolic charge

A
fr = — + B
r

A
rseng = [(— + B) rdr + sengp = Ar +
iy 2

Ar+ EV2 4+ D

senp =
r

Taking seng = 0in 0
E

seng = A + —
by
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2.6 Formulae in cartesian coordinates

For the drawing of the curvey it was found more convenient to use the

: : . y . .
cartesian coordinates taking the value of , deducting from the preceding
formulae. (Fig. 2-6). dx

In systems of coordinates x, and in a point D we have (fig. 2-6)

dy
= g% @ = 180° — ¢
dx
sen dy
tg@ = = —tgp = ——
V1—cos’D dx
In the preceeding formulae we have found sen@ = f(r), with x=r.
d f(r) dr
&t (14)
dx V11— (fr)?
For example, in the case of the curve (3)
They give
dy A’ + B
dy dx iy
‘/ (Ar* 4+ B)
dl' ] —
r?
Ar? +B
= X=r
(Ar* 4+ B)
1 —
2
(Ar* + B) dr
y = f - (15)
Vi’ — (Ar* + B)?
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this formula did not result integrable by the means of the usual functions,
(78-79) and for its valuation, the integration by areas of the tangents was
used, taking trapezoidal areas for the following examples; for the tables 1
calculation with electronic machine was used (9).

Note: The tangential component is f(r) cose senp; with a Poisson’s
modulus aproximately egual 1 (is a characteristic of the membrane’s mate-
rial), the effect of this component will be very small and was not considered.

2.7. Example 1

In order to study how the supposed curves were adapted to the real
shapes of the erythrocyte with a base to the drawing N? 4 of (11) which we
consider aught to approach the real mediations given there (fig. 2-7).

We took

rp = 8.20 rn = 5.50
I = 4,25

of the formula (15)
for the connection

we have
A + B
tgld =
V1%—(Ar* + B)?
For

o = O 0 =550A + B
8.20° = A.820° + B

por

r = 820 & = 90°

result

8.20?
A = = 0.22168

8.20° — 5.50*
B = 5.50° X 0.22165 = 6.7058

which gives the data of the table 2 between 8,20 and 8,00, divisions were
made of 0,0025 and 0,05 in order to be able to appreciate the variations.
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TABLE 2

7 tg & Ay y
8,19 10,581 0,150
8,115 7,82579 0,124
8,150 5,50345 0,167
8,10 3,83927 0,233
8,05 3,09299 0,173
8,00 2,64925 0,164 1,018
7,75 1,63258 0,534 1,549
7,50 1,20100 0,354 1,896
7,25 0,93310 0,268 2,164
7,00 0,73797 0,209 2,373
6,75 0,58180 0,165 2,538
6,50 0,44850 0,129 2,667
6,25 0,36539 0,101 2,768
6,00 0,21740 0,072 2,840
5,75 0,10910 0,04 2,801
5,50 —0— 0,01 2,891
5,25 —0,11420 —0,0 2,891
5,00 —0,23933 —0,02 2,871
4,75 —0,35613 —0,070 2,801
4,50 —0,56606 —0,115 2,696
4,25 —0,82350 —0,174 2,529
4,00 —1,28734 —0,264 2,244
3,75 —3,29545 —0,573 1,671
2.8. Hpyperbolical curve of connection
For r; = 4,50
sen I = 0 r =0
A2 +Br + C
The formula send =
t
ForC =0 send = Ar + B
We have
001 =04DA + B = 040 & = 0.60°
042961 = 450 A+ B = 450 & = 295°
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TABLE 3

For
7 sen & tg & Ay p
4,50 0,49261 0,56606 0 2,696
4,25 0,46314 0,52257 0,132 2,564
4,00 0,43372 0,48135 0,125 2,439
3,75 0,40429 0,44203 0,115 2,324
3,50 0,37487 0,40436 0,106 2,218
3,25 0,34544 0,36811 0,096 2,122
3,00 0,31602 0,33309 0,087 2,035
2,75 0,28659 0,29914 0,079 1,956
2,50 0,25717 0,26612 0,070 1,886
2,25 0,22774 0,23389 0,060 1,826
2,00 0,19832 0,20233 0,054 1,772
1,75 0,16889 0,17136 0,047 1,725
1,50 —0,13947 0,14085 0,039 1,686
1,25 —0,11004 0,11072 0,031 1,655
1,00 —0,08062 0,08088 0,015 1,640
0,50 —0,05885 0,05895 0,011 1,630
0 —0,03708 0,03710 0,01 1,620
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TABLE 3-A

PUNTO SEN TANG A ORD.
r sen & tg & Ay y
4,50 0,49261 0,56606 0 2,736
4,25 0,46275 0,52200 0,136 2,600
4,00 0,43590 0,48433 0,126 2,474
375 0,40752 0,44652 0,116 2,358
3,50 0,37195 0,40069 0,106 2,252
3,25 0,35075 0,37457 0,097 2,155
3,00 0,32224 0,34639 0,089 2,066
2,75 0,29402 0,30766 0,081 1,985
2,50 0,26565 0,27555 0,073 1,912
2,25 0,23273 0,23930 0,064 1,848
2,00 0,20890 0,21361 0,056 1,792
1,75 0,18052 0,18354 0,050 1,842
1,50 0,15215 0,15394 0,042 1,700
1,25 0,12377 0,12479 0,035 1,665
1,00 0,04540 0,09583 0,027 1,648
0,75 0,06702 0,06772 0,020 1,628
0,50 0,03860 0,03860 0,013 1,615
0,40 0 0 0 ”
0,25 —0,01027 —0,01027 0 ”
0 —0,01810 —0,01810 —0,005 1,62

In order to obtain a better approximation to the curve taken as a guide,
an electronic calculation was made varying r1 from 0,10 in 0,10, and it was
found that for r; = 5,40 the curve nearly coincides, as indicates Table 4.

A curve of hyperbolical connection was taken, beginning with r = 4,50,
end good results were obtained.

2.9. Other examples

A study was made of curves with rp = 7,50 1 = 2 and r, = 7,50
r; = 0,50 which have approximately the same longitude as that of example 1;
the curves obtained are seen in figure 2-8. We observe that the model of
the erythrocyte considered in this way passes to similar forms as have those
of the experiences in which the erythrocytes are put to osmotic pressions
in hypotonic liquids (5) and also to the shape of the erythrocytes of birds
and reptiles; therefore it has been considered that the model presented can
bz used as a base of explanation to the different forms of erytrocytes in
biclogy.
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TABLE 4

r MEASURES CALC.
8,20 0 0
8,00 1,50 1,50
7,50 2,10 2,12
7,00 2,40 2’44
6,50 2,80 2,74
6,00 2,90 293
5,50 2,95 2,99
5,00 2,90 297
4,50 2,80 2,80
4,00 2,65 2,46

2.10. Tables for the ordinary erythrocytes

The Tables N 1 were made, as indicated in the first part. The tables
can be used, for example that of r, = 5,00 to determine any other element
of radio, it suffices to take the relation ri/ro and to use for instance the
rp = 5,00 with the same relation, multiplicating all the ordinated by that
relation.

2.11. Approximate formula for the principal curve

The formula given in (5) for the oval of Cassini is
y = B [(C4 4 Azrz)vz - Azrz]'/z (16)

it was taken the example already studied with rp = 8,20, and the oval 5,50
with Tg null was made to pass in that point: It was obtained

C = 938.74
A* = 36.68
4A7 = 146.72

and were calculated the ordinates which are given in Table N¢ 4 in com-

parison with the electronic calculation; the maximum ordinate of the elec-
2,88

tronic calculation gives 2,88; that of the oval gives 2,547 taking B =
2,547

= 1,13, and multiplying the ordinates of the oval, we obtain the good
results which are given as far as + = 4,50; the electronic calculated curve
is annulled for r = 3,20; the oval for r = 2,50.
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TABLE 5

elect. oval
y Y Vi y2x1.13

8,20 0 0 0
8,00 1,04 0,933 1,054
7,50 1,898 1,714 1,936
7,00 2,37 2,114 2,388
6,50 2,693 2,362 2,669
6,00 2,836 2,488 2,811
5,50 2,88 2,547 2,878
5,00 2,832 2,488 2,811
4,50 2,626 2,364 2,671
4,00 2,209 2,159 2,434
3,50 1,830
3,00 1,36
2,50 0
2,00
1,90

2.12. Calculation of tension in the membrane

In accordance with the initial theory we have

6r = 6o
—
= K
6r
But we made — = A see (2-1)
2
Then K = 2A
— p
—E:ZA br = bp = —— (17)
6r 2A
For the example
A = 0,22168
P
bp = ———— = 225p
2x0.22168
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Immediately we deduce, given p
In the case of a recticulocyte with a spherical shape

pro p x 8.20
b6p = 6r = e = 4,10 p

e 4

2.13.  Curve of transition

With the uniform distribution of charge adopted we have:
R=91f(r) =¢q

The reaction in the circle of connection of the membrane of the erythro-
cyte will be:

R = q (1 — %)
for lineal unity in the circle of connection of the two curves, it will be:

q (I‘oz— r12) I1 1‘02— I‘[z
P = = (18-1)

2Hr2 21'2

We know the angle & in that circle, then there

ro? — 11
bx = By — q (o i)

2rsen &
The adapted distribution for the vertical charge between & and 1 is
better considered hyperbolic

C
q=(—+B)K
r

According to (5)

Br?
) (18-2)

r C
P:ZHKJ (— + B) tdr = 2IIK (Cr +
O r 2

This allows us to determine K, comparing (18-1) and (18-2)

q e — 11
K = (18-3)
Br?
2r (Cr + )
2
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C and B being known through the tangential conditions, as has been

seen previously.

(18)

In the point O there is a point theoretically to the infinity; it will be
convenient to calculate up to 0,40 1 and then take up uniform in that radio.

2.14. Longitude of the principal curve

We have

\/ (dy)?
dL = dr |1+
(dx)

1+ (Arf + B)?

dL = dr =

(Ar? 4+ B)?
\/l +
r* — (Ar? 4+ B)?

rdr

vV —Ar4 + *(1—2AB)—B2

Making
t = r? dt = 2rdr
dt
dr =
2r
dt
dL 1 =

V—A?Z + t (1—2AB)—B?
The tables of integrals (9) with X give

(X = ar* + br + Q)

a, dt | 1
L :f ' Y5 arc
a1 \/t | \/ta

A
A

1 — 4ab
1—4AB

Hol

>4

(19-A)

2at + b
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or that is

az| —1 —2(At)* + (1—2AB)
= | = are sen ————————
ay | 2A V1—4 AB
(20)
or replacing t for r
a2 1 —2(Ar?)+(1—2 AB)
= — arc sen
ay 2A V1—4 AB
Example: Taking the example
rp = 8.20 (21)
A = 0.22168
B = 6.7058
rn = 5.50
| 515
1
L = | ——— arc
| 8.2 0.44336

—2(0.22168 x 8.2)* + (14297308)

seén

V14 5.94616

1
= +
L . 0,44336
arc sen —2(0.22168.550)* + (142.97308)2 ‘o1
V14 5.94616
Give with less because it begins with rp = 8,20
Until 4,50
—1
L = —— arc
0.44238

(022168 x 4,50)2+3.97308

sen

2.65555
L = 5.476



2.15. Auxiliary curve

Of usage
dy Ar+3B
dx V1—(Ar+B)?
Then
“(ArTB)?
dL L+
1—(Ar+B)?
dr
dr = -
V1—(Ar+B)?
Making
dt
Ar+B =t Adr = dt dr = ——
A
1
L = — arc sen t.
A
We have:
1 dt
dL. = — ————
A Vi1t
Example for the curve of example 1
IR 1 | I
L=—|arcsent =— | arc . sen (Ar+B)
A | [§] A | I't
between 4,50 and 0 the longitude will be
1
L = ———arc (0.11770 x 4.50 — 0.0370)
0.11770
L = 4.69

2.16. Membranes of elipsoidal surface

In fig. 2-9, we have in the horizontal plane in the nucleus, the ellipse
of axes a and b with the axes of coordinates xx and tt, (yy is conserved
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for the vertical axe). The surface can be considered as formed by ellipses,
in horizontal plans, comparing it with the surface of rotation. Fig. 1-2:
conserving the constants x and y, varying only t, the ellipsoidal surface
could be considered as proceeding from the rotational and be designated as
related to it. In this case, and following that which has been studied about
the surface of revolution, it will be proceeded as follows:

1) The curve of the section OX is determined as was studied before;
it suffices to know the points of tangency ry and 1.

2) For a section of any angle one divides OD in a number of parts
equal to those taken in OA, 1, 2, 3 ... n—1, n; and the ordinates
of OA are brought to OD in the corresponding divisions; we will
have the y1, y2 ... yo» —1, and n of OD.

3) For OB one draws, as OA and proceeds as in OD.

2.17. Tensions in the chief membrane

Now the tensions are not constant as they were in the surface of
revolution.

For in accordance with (72) related shells, b, changing the circles of
revolution to ellipse, we have with (1) the new values.

(22) ds’y = dsp V n*cos’@cos’p+ sen’Pcosip + sen? D

ds’e = dse V sen?@ + nZcos?@

n is the relation of the original y in the surface of revolution to the new
y in the ellipsoidal surface.

The pressions in the surface of revolution, which we suppose in the
unity of surface come given for

n*sen’@ con’p + sen’ P cos’p + seng?
(23) N'¢ = Ng /

vV 02 +cos’D@

sen’@ +ncos’ D
N = N

n’cos’gsen’* - cos*psen’ -+ sen’

Remembering that in the surface of revolution Ny = Ny (in the surface
unity) and we shall call it T, we can obtain the charges for lineal unity
by dividing the (2) by the longitudes.
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We have:

To
Tp =

V n%sen’d + cos>D

TS
T =

V cos* @D (cos* D + n*sen*D ) +sen’d

In the ellipse in plant Fig. 2-11

We have -
x? y2

-+ =1
a bz

a2
x* + y: = &
bZ

a2

== n2

bZ
x> + n*y’ = a (24)
X = p seng
y = p cosQ
Then replacing in (24)
a2
cos’p + n’sen’p =
pZ
The tension T¢ can be written
To Te
T’q) = = p
V cos’p+ n’sen’p a

Then T’¢ varies directly proportional to p.

2.18. Tension in the membrane of the nucleus

Adopting an hyperbolical curve, as was done in the case of the rotational
membranes, the tracing of the ellipses is done according to the given indica-
tion. The vertical pressions will be shown by
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Py
Py =

VK2 coskp+ sen’p

with the same proceeding K.

PART III
TESTS

3.1. Measuring apparatus

With the object of verifying the theory of equilibrium of the membrane
adopted as a model for the erythrocyte, tests were made as further described.

An apparatus was built, shaped by a wocden frame which has 4 vertical
boards (figs. 3-1 and 3 a-A and photos 1, 2, 3), in them are some holes
are at distances in the circles which vary from 1,5 to 2,5 cm.

Through the holes can be slid rods of bronze of 45 c¢m in length and
3 mm in diameter united near the extremes by circular crowns of wood
a, b, ¢, d, e, ih the various circles. Horizontal forces can be applied to the
crowns by means of weights which transfer their action through threads with
a horizontal part, passing through rings which cause little friction. The
spherical globe for testing is put between the two sets of rods, and it is
easy to determine the distances of its surface to the two interior boards,
measuring the longitude of the rods which stand out of the two exterior
boards; the measurements were made with an exactitude of approximately
one millimeter.

For the study globes of plastic like those used in commerce were used,
vne for the shore and another like a foot-ball, the latter results to be more
apherically perfect. Were used also globes of rubber which are better as
they have no joinings, but it was necessary to use small diameters because
the big ones generally recede from the spherical shape.

For the measurements we took a horizontal plan HH and another
vertical VV, determining the coordinates of the globe surface every 1,5 c¢m.

3.2. Tests

The first tests gave intolerable differences between the measurements in
the axes HH and VV, and they served to correct the defects in the construction
of the apparatus. In total, 22 measurements were made; in all the shapes
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the surface resulted tows, but the adjustment in order to obtain that the
measurements in the horizontal and vertical axes nearly coincide is difficult.
Here are 4 examples which are considered acceptable.

Case 1

Diameter of the globe: 42 cm plastic material, shore type, charged
circle 5.

Charge type: hyperbolic (for this, it sufficed to take 600 gr performing
in each wheel).

The joined picture and drawing indicate a concordance which is con-
sidered acceptable. The greatest difference is always in the measuring near
the utmost point of the diameter; this is due to the difficulty in measuring
because of the sudden change in the curve. The exact calculation was done
by electronic machine.,

Case 2

Diameter of the globe: 27,5 cm. Plastic material, type similar to that
of a foot-ball.

Charged circles: 5.

Type of hyperbolic charge: 600 gr. in each wheel. Direct calculation
with areas of tangents.

Observations: The same as in case N° 1.

Case 3

Diameter of the globe: 28 cm. Rubber material; usual type used in
commerce. The results are acceptable.
Case 4

Diameter of the globe: 33,4 cm. Same as the former but with internal
air different.
Observations: The same as in case N° 1.

3.3. Curve of transition

In case 3 the curve of transition was accentuated and it could be
studied taking

sen = Ar + B
which is the hyperbolic charge gave
send = 0,04r + 0,08
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In the other two cases the curve is lightly accentuated and it is practically
confused with a straight line.

It should be noted that in the region near the axe there in an inclination
contrary to the curve of transition studied; th's is to be interpreted as an
influence of the reinforcement of the globes at the extremities, at which they
have a circle of plastic material.

Conclusion of the tests

It is considered that the tests, within the possible precision used,
indicate that the applied formulae for the study of equilibrium of membrane
correspond to the reality, and are therefore applicable to the model used
for the erythrocyte.

In order that the tests be more precise, it would have been necessary
to possess globes of rubber especially constructed to make them the most
spherical possible, and a machine with a dispositive capable of much
greater charges transmissible to the globe.

NOTE: 1 must give thanks to the master carpenter José N. Ruiz for his
valuable help in the construction of the apparatus and in the
measuring work.

PART IV
HISTORICAL SUMMARY

In the following an approximate historical development is given of
the biophysical study of the erythrocyte’s membrane.

1) Ponder gives a method of microscopical photography to determine
the dimensions of the erythrocyte. He describes the procedure in
detail and specifies the various dimensions of the human erythrocyte
as well as those of the rabbit and of the goat; he also specifies the
dimensions of the cylinders of erythrocytes rouleaux. This is an impor-
tant work as it is the first time that the dimensions of the erythrocyte
are taken with precision, as Ponder himself points out, and as other
masters indicate later, For the determination of the surface he fixes
16 points and he considers that there may be an utmost error of
measurement of between 0,10 and 0,20 microns.
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1A) Ponder also gives a detailed study of the phenomenon of hemolysis

4A)

5)

of the erythrocyte. He indicated that there have been wvarious
attempts to explain the shape of the erythrocyte and quotes one
which says that the equilibrium of the membrane must be between
a cylinder and a sphere.

Mitchinson and Swan use an instrument which consists of a micro-
pipette communicating with a deposit of water; a cell is adhered to
the pipette and a suction is made which produces a projection in the
wall of the cell; the measuring of the deformations allow to deter-
mine the tensions in the membrane of the cell.

Rand and Burton use the method indicated in (1) with modifications
to apply it to the membrane of the erythrocyte. They find, interesting
detall, that the internal pression is stronger than the external one
in about 2,6 mm of water. They measure the tensions and the defor-
mation up to the bursting point of the membrane, in tension and
flexion in normal and crenated erythrocytes.

It is the same foregoing theme continued by Rand; he arrives at the
conclusion that, as far as its breaking point, the membrane has a visco-
elastic comportment. From various experiences, he deduces for Young’s
module between 7,3 x 10° to 3 x 10° dynes/cm?; he quotes a value of
the same module from Katchalsky and col. of 2,7 x 107 dynes/cm’.

Murphy makes a determination of the cholesterol in the membrane of
the erythrocyte; he uses a system of radioactive markers, and with
the aid of ingenious procedures determines the position of the cho-
lesterol; the result is that the distribution is not uniform but
is such that he considers can influence, though not as the only
cause, the shape of the erythrocyte, as this distribution modifies the
powers which act between the membranes next to the erythrocyte.

In (5) Y. C. Fung makes an excellent exposition of the mechanical
problem of the equilibrium of the membrane of the erythrocyte:
He supposes that the interior is liquid and that the membrane alone
acts; he adopts a surface of revolution as can be seen in figure A,
of which the generatrix is formed by a circle in the utmost exterior
part, and by two other circles of superior radio in the central part.
For the equilibrium he indicates that there must be tensions on
one direction in the external circle, and others in the contrary sense

62



6)

Fig. A

in the internal circle. He studies it first as a membrane almost
smooth and comes to the conclusion that, in order not to result in
a theoretical incompatibility of infinite tension in 10, the pression
must be Pi = Pv = 0, and he uses for that purpose the theory of
the shells without resistance to flexion; then he considers the case
of shells resistant to flexion, and he comes to the conclusion that,
even when the shell resists the flexion, considering its canty thick-
ness, the greater part of the tensions will be taken by the acrion of
the membrane, that is to say the stress and cutting effort. In the
case of flexion, in which there would be tensions of compression,
he makes a study of stability, and he arrives at the approximation
that a tension of compression equal to 1,2 mm of water would
produce a bulging in the shell. He makes experiments with rubber
balls of thin texture, filled with water and submerged in a tank of
water subjected to pression: The spherical shape changes to an
ellipsoidal one, and wrinkles are formed in the walls through the
buldging of the membrane.

Burton and Shravastav indicate that the shape of the membrane must
be governed by the mechanics of the shells, and they take the case
of non-resistance to the flexién, that is to say the equilibrium of
the soap-bubbles; they come to the conclusion that, in order to
equilibrate the pressions made upon the membrane of the erythrocyte,
there must exist attractive forces between the membrane of the
erythrocyte. They make experiments with condensing plates loaded with
electricity, placing fibers of nylon between them; they measure the
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7)

10)

attraction at various points of the plate with a maximum tesult in
the centre; minimum at a certain distance, and zero on the edge which
corresponds approximately to the shape, of the erythrocyte.

Canham and Burton study the distribution of the erythrocyte in the
blood. Their study contains the interesting fact that the erythrocyte
can go through canals of an approximate minimum of 3,7 mic. of
width or diameter which corresponds to the canalicules of the spleen.
The erythrocytes of larger diameter are more exposed to rupture; in
the tests that were made, there appears erythrocytes between 7 to
9,5 mic. of diameter. They quote clinical cases of eliminated spleen
in which the proportion of erythrocytes of greater size was superior
to the normal, which confirms the foregoing, and which indicates
the effect of the control of the vessel.

Y. C. Fung and P. Tong study the erythrocyte on the theory of the
shells witouth assistance to the flexion, in order to find the condition
required to pass from its normal shape to the spherical one, they use
polar ccordinates and they deduce formulas for the tensions and defor-
mations in the membrane. For the shape of the erythrocyte, they use
polynominal of grade 8 with three coefficients; in the example which
they present, they use the coefficients given by Ponder (1). They
make a detailed exposition of the formulas employed, and they present
the examination of other theories of the erythrocyte, among which
that of Murphy who found that the distribution of the -cholesterol
in the membrane of the erythrocyte is not uniform, and therefore the
superficial tension is not uniform and the would give it the characte-
ristic shape. In an appendix he asserts that the effect of flexion,
which he does not consider, is negligible.

L. Lépez and collaborators assume that the equilibrium of the mem-
brane is due to hydrostatical pressures and to those of an electrical
charge which they take as a pole electrically charged supposing a
surface of equipotential revolution around an axis. They obtain an
express'on of density of charge which is in volts, an integral elliptic.
They make numerical examples and they obtain shapes of surface very
similar to the erythrocyte.

Shravastav and Burton place erythrocytes in an isotonical solution, and
with a polarised light and the use of a microscope, they can photo-
graph the erythrocyte through different angles of the light; this
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10A)

11)

allows them to determine the surface of the erythrocyte. Thereafter
they take measurements in erythrocytes placed in hypotencial solutions;
passing from the biconcave shape to the ellipsoidal and to the
spherical one. They indicate that from the central point to a certain
radio, there is a birefringent material which they consider can be
assmilated to fibers which maintain the opposite points of the mem-
brane and they refer to (6) with respect to the equilibrium of
membrane which must be used, and they maintain the theory proposed
there.

Shravastav gives a more detailed explanation of what is exposed in
(6) and they accurately describe the equipment used of an electric
condenser with two short d'stanced plates, and the measurements,
using a layer of air or nylon fibers.

They describe the microscope of polarized light mentioned in 10, and
the results of the tests and conclusions given before. They make a
series of experiments using erythrocytes in an isotonical solution
(PA7,4 Bsm 306), adding a chemical product (tween) which alters
the exterior tension of the membrane of the erythrocyte; the tween
decreases the usual tension of 2.3 mm. of height of the water which
act from outside to inside, and the erythrocytes get transformed into
a toral with the central cavity slightly accentuated. They take measure-
ments of both normal and deformed erythrocytes and they find a
disminution in the minimum thickness and an augmentation in the
separation of the distance between the points which confront them-
selves facing the erythrocyte. They interpret this as a confirmation of
the existence of forces between the membranes of the erythrocyte.
They consider that the existence of the difference of tension of 2,3 mm
of water existing in the membrane is important in order to maintain
the shape of the erythrocyte; mentioning that Rand had already in-
dicated in (4)-1964 that this tensién does not change, even when the
erythrocyte has varied its shape in hypotonical solutions.

Canham considers the energy necessary for a shell resisting flexion
with a minimum energy of that energy. He takes the measurement
of 23 erythrocytes, making 50 measurements in each one so as to
determine its shape. For the shape of the erythrocyte he uses the
formula of the oval of Cassini. He makes tests in isotonical and
hypotonical solutions, and he makes calculations of min‘mum energy,
veryfying at the same time if the measured shapes and the anticipated
ones coincide well.
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11A)

12)

13)

14)

15)

E. A. Lehbland specifies the dimensions of the erythrocytes by means
of very ingenious processes of holography, and he determines the
different shapes which they take passing from the normal to the
spherical one; he uses solutions of variable tonicity, and he gives a
precision of 19 in his measurements.

Hochmut and his collaborators present a method by which to measure
Young’s modulus, arriving at fixing it 1 x 10* dynes/cm?, that is to
say of the order 10° to 10* less than that given by Rand-Katchalsky (4).

Evans takes for the membrane of the erythrocyte an undeformable
material in a lamina subjected to compression in two octagonal di-
rections in one plan. For the equilibrium of the shell without flexion
he uses the usual formulas of equil:brium of the theory of the sheels
and he gives formulas of approximation for the radios of curvature and
tensions at each point.

He made tests with three erythrocytes passing them from their normal
shape to the ellipsoidal, and the measurements allowed him to specify
the coefficients of the formulas; the surfaces of the membranes re-
mained constant. He obtains for the modulus of elasticity in the
three cases tested between 10° and 10* dynes/cm?, quotes the value
of Rand of 10° dynes/cm for the rupture.

Using the technique of the micropipette indicated in (2) Evans,
basing himself on his conception of material of membrane (13)
develops the necessary formulas; he takes the data of Rand and
Burton (3) and arrives at the conclusion that the modulus of elasticity
is between 1 to 5x 10° dynes/cm? and on the basis of Hensinkveld’s
and Lebland’s works, he comes to a modulus for the constant effort
of 1x10* dynes/cm?. He quotes a very high modulus of elasticity
obta’ned by Katchalsky and collaborators (1960 in Flow properties
of Blood and other biological systems Perg. O.N.Y.).

K. H. Adams considers the equilibrium of membrane basing himself
on the total electrostatic charge contained in a biological membrane
and the shape of equilibrium for a minimum of the total of energy
would correspond to the shape of the erythrocyte. He gives the
formula of the total energy; the latrer is simplified and expressed for
the condition of a minimum. He considers the volume of the erythro-
cyte and the area of the membrane to be constant, which allows him
to give two more equations; he uses the formula of the oval of
Cass'ni used by Canham (11) and he concludes that the biconcave
shape of the erythrocyte minimises the electrostatical energy in the

66



16)

17)

18)

19)

same way that it minimises the energy of deformation already demon-
strated by Canham (11); he considers more simp'e the explanation
through electrostatical energy for the shape of the membrane of the
erythrocyte.

Jay uses a method of photography to obtain profile views of erythro-
cvtes with an augmentation of 15.000, and making marks in them, a
digital computer gives him an information of area volume, thickness
maximum and minimum of membrane, etc. He places some erythro-
cytes in a solution of albumin of variable concentration. It is to be
observed that the area decreases with the concentration of albumins
in the solution, but he believes that this cannot be attributed to an
osmotical pression, but he attributes it rather to a change in the
substance of the membrane; the volume decreases as well as the area
and he considers that this is due to a change of permeability of
ions +K and —N.

The number of erythrocytes in cup shape augments in solution of al-
bumin in comparison with those placed in the solution of Ringe.

Deuling and Helfrich start from the energy of a curvature of a unit
of area of a membrane formed by two layers of lipid with structure
of support, which contains the two principal radios of curvature in
that element as well as elastic moduls in the two principal directions,
they include a possible initial curvature. They take a surface generated
by a curve which rotates round an axis; the surface generated and the
volume contained in it is taken as a constant. They apply the calculus
of variations with the conditions that the total energy be minimum,
this allows them to come to a solution for the generating curve. They
calculate specimens and they obtain values very similar to those
obtained by Evans and Lebland in the measurement of 500 erythro-
cytes; they study the case when the volume does not fill the whole
of the surface and the case of the cup shape arriving at a good
approximation to the measurements made with similar shapes by the
authors already mentioned.

Evans and collaborators, using the method of the improved pipette
decide the elastic characteristics of the membrane and arrive at the
values of 95 dynes/cm and 193 dynes/cm for the modulus of elasticity
(by lineal ¢cm) of the layers of lipid and structure.

Evans makes some considerations concerning the formulas used in
(13), modifying the exposition.
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20) Is a study of the equil’brium of membrane of a surface of revolution
submitted to a uniform pression with the condition that the tension
in the meridional sense and in the sense of rotation be equal; a sur-
face expressed, by an elliptic integral is obtained. An approximation
to a total surface engendered by a circle is made. Elemental tests are
made and it is considered that the shape of the membrane obtained
corresponds to that of the erythrocyte and allows to explain its ab-
normal shapes as well.

PART V
OBSERVATIONS
5.1. General Considerations

In accordance with what is said in Chapter 4, it can be seen that the
methods indicated by Ponder (1) in 1930, used to determine the dimensions
of the erythrocyte improve progressively. The idea of the equilibrium of
the membrane already cited in (1) and (3) is developed in (6) with the
complete thecry of the resistant or not resistant shells to the {lexion, and it is
this theory which is used in the following studies.

In 9 it is determined that the shape of the erythrocite must be the
corresponding one to the equilibrium of electrostatic forces in the membrane,
and of osmotic charge.

In 10 it is confirmed that the shape of the erythrocyte approaches well
enough the state of equilibrium for a minimum of energy of the flexion.

In 13 is assumed a material of membrane indeformable to the traction
or compression, and the theory is used of the husks not resistant to the
flexion and in 15, for the surface is used that which gives the minimum of
electric energy.

In 17, with an erythrocyte of constant volume and area, one takes the
energy of deformation or flection of each element of surface, and, as the
surface of the erythrocyte, that which gives a minimum for the energy, and
cne deducts formulas, arriving at a good approximation.

In 20, one supposed husks without flection, submitted to an osmotic
pression, with equal tangencial and meridian tensions, arriving at a formula
of hyperbolic integral which is simplified for the exposition.
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5.2. Resistance of the material of membrane

The average module of elasticity varies with the state of load, the
apparent value given by the various experimenters is as follows:

In (3) E=7,3x10° to E=3x10° dynes/cm® (quotes a Kachalsky)
that gives E=2,4 x 107 dynes/cm®.

In (12) E=1,7x 107 for the elastic part E=2,5x 10* dynes/cm’.

In (14) with his conception of special material he interprets the tests
of (2) and (4) and gives E=1x 10* dynes/cm’.

In (18) is supposed a membrane with two substances, one stiffer than
the other; one arrives at 100 dynes cm/lineal, which would
give E=6,6 x 107, supposing the membrane to be of 150 A°
in thickness.

I consider that from the foregoing data there can be taken an average
of E=2x 107 dynes/cm?, that is 20,20 kg/cm? for the modulus of apparent
elasticity of the material and the proper modulus of elasticity would be
2x 10* di/cm?, or that is hardly 0,02 kg/cm?.

In accordance with (18) the maximum tension in the membrane must
not exceed 10 dynes/cm/1, that is to say that with a membrane of 100 A°
this is equivalent to 10 kg/cm?, but there is already danger of lisis with less
than 6 dynes/cm/1, that is, let us say, for 5 dynes/cm/1 or is 5 kg/cm’
the membrane would resist.

5.3. Comparison of the theories

From the theories of equilibrium, applying the theories of the husks
very clearly exposed in (5); the experiences with electric camp of (6) with
nylon fibres and the curves drawn, those of (9) with electric chargz, and
the (20), they all come to a cutrve of hyperbolical type. It is to be noted that
in (20) the curve is closed, it does not arrive to the origin, and in (9)
the equation given
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The curves of (6) are also practically detained at a certain distance
from the origin; so that from different points of view, one arrives at the
same curve,

In the verification of the minimum energy of flexion done in (11)
the shape of the oval of Cassini used coincides practically with an hyper-
bolical curve which would correspond to the equilibrium of membrane,
and as this called attention, it was considered convenient to make an esti-
mation of the initial energy before the deformation of the reticulocyte, for
which an equivalent spherical membrane was chosen. Adopting a coefficient
of Poisson of 0,99 and the same module of elasticity of the erythrocyte
E=1x 107, one arrives at the conclusion that the energy of deformation
because of tensions in the membrane is approximately 100 times greater than
the necessary flection in order to overcome the energy of curvature existing
in the membrane; this leads to believe that the equilibrium of membrane
which dominates is that of the interior tensions, that is to say that of the
membrane, and it would be somewhat influenced by the flexion; this would
correspond to what has already been cited by Fung (5), indicating the
small effect of the flexion. The study of Deuling and Helfrich (17) is also
based on the energy of min'mum flexion, and it comes to very interesting
results, specially as refers to the biconcave and similar shapes. Because of
what has just been seen, it has occured to me to make the suggestion of
studying the equilibrium of membrane of the erythrocyte, taking in conside-
ration the flexion and the simultaneous action of the traction or of the
compression which, to simplify, although not exact these could be the ones
given for the theory of the husks witour flexion. I tried to study the problem
taking only the energy of the tensions without flexion, applying the method
of the variations for the minimum of energy, but without being able to
obtain satisfactory results,

In the work presented, it is presumed that there are ties depending on
an axis, and in a certain zone of the membrane which equilibrate the action
of tens'ons from inside to outside. This tension according to (3) exists and
is from 2,6 mm of water in isotonic solution. Initially, the pressions produced
by osmotic pression or by electric camp can contribute or initiate the curva-
ture of the spherical rethyculocite; but there should exist a tie depending
on a certain axle, as there exists in the nucleated erythrocytes of fishes, amphi-
bians, reptiles and birds, which would be as a rest of nucleous throngh the
biological process of evolution. The central zone stabilises the mechanical
function and dinimishes the tensions if compared with the espherocyte.
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TABLA

Ry, = 5

° . 0,315

B = 2,8125

Curva Principal 5-2. 00

Prinedpal Curve ’

5.0 3.0 4.75 0.57072
4.50 0.96012
4,25 1.2245%
4.00 1.41641
3.75 1.55548
3.50 1.465119
3.25 1.7079§
3.00 1.72711
2.75 1.70687
2.50 1.64148
2.25 1.51690
2.60 1.29161

cMUa de E'Il/aace. 2 25_0 E

Transetion Cunve '
2.5 1.56900
2,00 1.4i912
1.75 1.29392
1.50 1.19075
1.25 1.10774
1.00 1.04353
0.75 0.997714
0.50 | 6.96791 !
0.25 | 0.95544 |

1
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Ro = 5

A = 0,266666

B = 1,66666

Curva Principal 5-1, 00

Principal Curve !

5.0 2,50 4.75 0.65166
4.50 1.10660
4.0 1.42619
4.09 1.66936
3,75 1.85889
3,50 2.00615
3.2 2.11742
3.00 2.19610
2.75 2.24367
2.50 2,25988
2.25 2.24253
2.00 2.16634
1.75 2.07974
.50 1,89206

Curva do Enlace 1.75-0

Transition Cutve '
1.75 2.07174
1.50 1.94623
1.25 1.84570
1.0v 1.76781
0.75 1.71091
0.50 1.67394
0.25 1.65620




Ry = .5
A = "0,238092
B = 0,9523808

TASLA

ICu.a‘ua Prinedpal

Prinedipal Curve 5-1,%0

5.0 2.0 4,75 0.72106
4,50 1.23165
4,25 1.59744
4,00 1.58297
3.75 2.11334
3.50 2.30132
3,25 2.45425
3.00 2.57661
2.50 2.47106
7,25 2.73900
2.00 2.78064
1.75 2.79500
1.50 2.7793¢
1.25 2.725i0
1.00 2.62583

2.445643

Curva de Enlace

Transition Curve 2- 0
1.25 2.67583
1.00 2.51448
.75 2.43156
0.5¢ 2.37720
0.25 2.34916

R, = 5
A = 0,21978
B = 0,494505
Curva Pruincipal
. 5- 100
Prinedpal Curve
5.90 1.50 4.75 0.77794
4.50 1.33393
4.25 1.73718
4.00 2.05682
3.75 2.3197§
3.50 2.539971
3.25 2.72531
3.00 2.881!11
2.75 3.01067
2.50 3.11614
2.25 3.19877
2,00 3.25901
I.75 3.29645
1.50 3.30955
Po1.25 | 3,29450
j 1.00 | 3.24525
| 0.75 3.14273
0.50 2.90365
Curva de Endaae
Trans tion Curve 0,75-0
0.75 3,14275
g.50 3.03142
0.25 2.97333
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o> A
won A

4,50

0,3472218
2,5312467

TABLA

Curva Princdpal
Prineipal Curve

4,50-2,25

4.50

2.7

BN BSOS AN I UL VAR VAR W LRE SN -
e o & +« e e e a e e
O AU SIS RN U SO D
VIO GOUEaUmmo ol

0.53830
0.390104
1.14258
1.31244
1.42903
1.50074
1.53036
1.51690
1.45416
1.32518
1.07001

Cunva de Enface
Transition Curve

2,00- 0

32318
L1657%
.03815
.93650
.85827
80172
L 76570
. 74952

SO OO O — ~— —

1
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R, = 4,50
A’ = 0,299999
B = 1,8749981

Curnva Principal
Prircipal Cunve

4,50-2, 00

4.50 | 2.50

A R Bt R e B B B e N -
SCULOoOWMmMOWMmMOGUnOL, OWw

et PRI NN WS D
. v v . v .

0.57396
0.96598
1.23257
1.42625
1.56702
1.66416
1.72203
1.74161

1.72065

1.65201
1.51735
1.24931

Curva de Enface
Transstion Curve

1,75-0,00

1.75
1.50
1.25
1.00
0.75
0.5¢

1.51735
1.37128
1.25586
1.16730
1.10312
1.06171




TABIA 1

Rg = 4,50 Ro = 4,50
A = 0,2769228 A = 0,249999
B 2 1,1076912 8 = 0,5624993
Curva Prinedpal Curva Principal
Principal Curve 4,50-1,50 Principal Curve 4,50-1, 00
4.50) 2.00 4.25 0.65362 4.50 1.50 4.25 0.71916
4.00 1.11032 4.00 1,22864
3.75 1.43151 3.75 1.59389
3.50 1.67625 3.29 1.87925
3.25 1.86736 3.25 2.10977
3.00 2.01620 3.00 2.29818
2.75 2.129¢0 2.75 2,45140
2.50 2.25780 2.50 2,57509
2.25 2.27452 2.25 2.67066
2.00 2,25632 2,00 2.73980
1.75 2.19616 1.75 2.78254
1.50 2.07703 1.50 2.79744
1.25 1.63762 1.25 2.78075
1.00 1.00 2.7239¢0
0.75 2.40390
Cuava de Enlace
Tnansition Curve 1,25-0 Curva de Ealace 0.75-0
.25 3.07703 Transition Curve '
1.00 1,93727
0. 75 1.83921 0.75 2.60390
¢.50 1.77397 0.50 2.47320
1,74134 0.2% 2.40672
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TABLA

R, = 4,50
A = 0,233766
B = 0,233766
Curva Principal 4,50-0,75
Prineipat Cunve
4.50 { 1.00 4.25 0.76864
4.00 1.31784
3.75 1.71609
5.50 2,03172
3.25 1.29142
3.00 2.50886
2.75 2,69212
2.50 2.84630
2.25 2.97475
2,00 3.07965
1.75 3.16224
1.50 3.22294
1.25 3.26115
1.00 3.27478
0.75 3.25859
0.50 3.19829
0.25 3.01212
Curva de Enlace 0,50-0
Transition Curve
0.50 3.19829
0.25 3.13173

1
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R, = 4,50

A = 0,225

B = 0,05625

Curva Princdipal 4,50 00

Prnincipal Cunve

4.50 2.50 4.25 0.79964
4,00 1.37370
3.75 1.7925%
3.5 2.12709
3.25 2.40495
3.00 2.64043
2.75 2.84203
2,50 3.01526
2.25 3.16386
2.00 3.29050
1.75 3,39704
1.50 3.484717
1.25 3.55445
1.00 3.60629
2.75 2.63964
0.50 3.65202
0.25 3.563401




TABLA T

Ry = 4,00
A" = (0,4102564
B = 2,5641025
Curva Principal 4-2, 25
Prinedpal Curnve
4.00 ¢ 2.50 3.75 0.45383
3.50 0.80108
3.25 1.00272
3.00 1.13338
2.75 1.20866
2.50 1.23375
2.25 1.20687
2.00 1.11675
1.75 0.92408
i Suava de Enface 2,00-0
Transition Cunve
T
2.00 1 1,17675
1,75 0.99752
1.50 0.89868
1.25 0.87864
1.0 0.75524
0.75 0.71065
0.50 | 0.687128
0.25 0.66778

——
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R, = 4,00
AT = 0,33333
B8 = 1,33333
Curva Princdpal 4-1,.75
Princival Cunve
4,90 + 2.00 3,75 G.577G4
3.50 0.97164%
3.25 1.24045
3.00 1.43619
2,75 i.5755%2
2.50 1.67764
2.25 1,73682
2,00 1.756%9
1.75 | 1.73502
1.50 | 1.65:02
i i.25 . 1.509%
Curva de Exkace )
Thansiticn Cutve F.50-0
1.50 1.66149
1,25 j.566E2
1.00 i.45250
| 0.75 | 1.435i3
0.50 1.401869
i 0,25 1.3835¢4




4,00

o 2= X

¥ 4 0

0,2909088
0,6545448

1

Curva Principal
Principal Curve

4.00 | 1.50

Cunva de Enface

Tharsition Curve

LS R vl vy
LA CIENTE IENY
Ut < Ut

R, = 4,00
A- = 0,2560666
B = (,25666

Curva Princdipad _
Proroipal Curve #-0,75
$.00 i.00 3.75 a.71203
3.50 1.21649
3.25 1.57819
3.00 1.36090
2.75 2.08944
2.50 2.27646
Z2.25 7.47926
2.00 2.55227
1,75 2.64810
1.50 2.7179%
1.25 2.76174
1.00 Z.77730
0.75 7.755881
0.50 2-5892¢

Curve de Enface

Trhaus Ltion “urse ¢, 30-00
G.50 ?2.6857¢
2.25 7.51249




TABLA

1

Ro = 3,50 Rp = 3,50

A = 0,4464285 A = 0,4742423

B = 1.9687495 B8 = 1,6969692

Cuwa Prinedpal ) Curva Princdpal . o

Principal Curve 3,50-2,00 Prancipal Cunve 2,50-1,75

3.50| 2.10 3.25 0.45680 3.50 2.00 3.25 0.48755
3.00 0.75947 3.00 0.86781
2.75 6.95781 2.75 1.011588
2.50 1.07468 2.50 J.14456
2.25 1.134%4 2.25 1.22138
2.00 1.13955 2.00 1.24715
1.75 i.08415 .75 1,21305
.58 ¢.34137 1.50 1.12236

1.25 0.39570
Curva de Enlace 1 50-0
Thansitdion Curve ! Curva de Evdace 1 50-0
Trans itdlon Curve '’

1.5¢ 0.34137
1,50 ¢, 713957 1.50 1.12233
1.40 G.656580 1.25 ¢.04610
1.20 8.34558 I.¢0 0.7434¢
1.20 J.48599 0.75 G-&7310
g.8¢0 0.42503 8.50 ¢ 53310
¢.60 J.3813% 6.25 1 0.%i050
G.40 G.35409
.22 §.34268
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TABLA

Rp = 3,50

A = 0,35

8 = 0,7875

Cunva Princdipal _

Principal Curve 3,50-1,25.

3.50 1.50 3,25 0.57%10

3.00 0.97566
z2.75 1.24636
2.50 1.44403
2.25 1.58860
2,00 1.68931
1.75 1.75010
1.50 1.77104
1.25 1.74756
1,00 1.606553
0.75 1.47017

Curva de Enlace

Thansition Curve 1,00-0
1.00 1.66530
¢g.75 1.56317
g.50 1.43589
0.25 1.446031

1
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Roe = 3,5
A = Q31111
B = 0,311
Cunva Principal a
Principal Cunve 3,%0--4 75
3.50 1.80 3.25 0.64925%
3.00 7.10349
2.75 1.42362
2.5) 1.66829
2.25 1.86011
2.00 2.01044
1.75 2.12541
1.50 | 2.20815
1.75 2,25952
1.00 2.27769
0.75 2.25607
0.50 2,17347
Lurva de Enlace
Tagnsition Curve 0,50-0
0.50 2.17344
0.25 2.08219




Rg = 3,00

A = 0,520833

B = 1,687499%

TABLA

Curva Principal

Principal Cunve 3-1, 00

3.00| 1.80 2,75 0.42659

2.50 0.69444

2.25 0.45056

2,00 0.93322

1.75 0.98409

1.50 0.90216

1.25 0.747453

Cunva de Enlace 1 25-0
Transition Curve !

1.25 0.74743

1.00 0.54767

0.75 0.41448

.50 0.33103

0.25 0.28965
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1

RO = 3,00
= 0,44444

B = 0,999999

Curva Princdipal 3.1.25

Principal Curve e

3.00 1.50 2.75 0.49124
2.50 0.81466
2.75 1.02144
2.00 1.15655
1.75 1.23534
1.50 1.26204
1.25 1.23205
1.00 1.12346

Curva de Enface 1.00-0

Thansition Curve '
1.00 1.12346
0.75 0.98608
0.50 0.89889
0.25 0.85387




TABLA 1

Rp = 3,00 Re = 3,00
A = 0,375 A = 0,3428571
8 = 0,375 B = 0,0857142
Curva Princdipal 3- 0,75 Curva Princdpal 3.0 75
Pruincipal Curve ' Principal Curve '
3.00 1.00 2.75 2.5777§ 3.400 0.50 2,75 0.63337
2.50 0.97395 2.50 1.07695
2.25 1.24495 2,25 1.38873
2.00 1.43347 2.00 1.62674
1.75 1.58936 1.3 1.&1330
1.50 1.69179 1.50 1.9595%
1.25 1.75437 1.75 2,0715%¢0
1.00 1.77632 1.0¢ 2.15322
0.75 1.75017 0.75 2.70470
0.50 1.64728 L 0.50 2,22362
0,25 | 2.19594
Curva de Enlace 0.50-0
Transition Curve '
0.50 1.5477%
0.25 1.533%5
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